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Goal

Causal discovery (DAG) for non-linear models:

e with efficiency

e with optimality guarantees

e with statistical guarantees

e without equal-variance assumption

Weaknesses of existing methods:

o CAMUY, NoTears!?: no optimality guarantees

o NPVAREL: equal-variance assumption

Model: additive SEM with (Gaussian errors
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e Faithfulness: f; # 0 if and only if k € pa(j)
¢ Identifiability of DAG: when f7, are non-linear and in C*

e Using basis functions: fj;(z;) = Zfﬁl Briibr(Xi)
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e Group sparsity: It & /4 j, then 5,1, =0, Vr
e Negative log-likelihood:
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A mixed-integer programming (MIP)
formulation

e Il dge selection constraint:
Edge presence g; € {0,1}: kA < gri=0 & By =0, Vr

e Acyclicity constraint:
Layer value ©; € [1,p]: 1 —p+pgr; < ¥ — g

direct edges yield layer order cyclicity yields contradiction
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e Regularization: A, ) ;. gr; (DAG sparsity); ridge penalty on /3

The MIP formulation g: binary  (3: continuous
P
min S log || = ZB,1[; +BB] +2a D i
Yo k.j
F(8,9)
s.t. (1 —gri)Brk; =0, Vr k,j (edge selection)
L —p+pgr; <vj— g, Vk,j (acyclicity)

A novel outer approximation (OA) procedure

e Literature: fast OA for linear regression with quadratic MIPH

— First minimize over continuous, and then binary variables

e Derive a novel OA for our non-quadratic MIP w/ the log term

— Prove f(g) can be solved in closed-form and it is convex:

flg) = mﬁin F(B,q) s.t. edge selection constraint

— Solve min, f(g) s.t. acyclicity constraint via iterative cuts

u: feasible f(g)

[: lower approximations
Early stop when |u — ] < 7

Theoretical guarantees

Accommodate non-linearity and regularization simultaneously

Consistency
Under certain regularity conditions, with a proper choice of A,,, when
n is sufficiently large, with probability at least 1 — 6/p:

1) The optimal estimated graph equals the true graph:;

2) The result holds even with early stopped estimated graph
when 7Y is sufficiently small.

A linear MIP in ¢ (scalable)
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Experiments
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Fig.: Graph recovery performance of baseline methods and our method on a
five-variable example. The function h(x) determines the type of non-linearity.

MIP OA CAM NPVAR
Dataset.p.s* Time SHD Time SHD Time SHD

dsep.6.6 0.10 0.3 162 23  0.14 8.5
as1a.8.8 022 05 | 238 0.0 030 12.1
bowling.9.11 032 1.1 293 16 | 042 14
inssmall.16.25 218 5.1 | 7.51 125 2.07 36.2
insurance.27.52 56.17 8.3 |15.58 16.7 | 15.3 &2

Table: Performance comparison when the SEM is unequal-variance.
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